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Abstract The determination of global gravity field models of the Earth from the combination of com-

plementary observations within a joint adjustment is a computational expensive task. Global Earth’s

gravity field models are often parameterized by a finite series of spherical harmonic base functions. The

effort depends on the one hand on the maximal resolution of the spherical harmonic expansion and on

the other hand on the amount of observations and their stochastic characteristics. Within this contribu-

tion a concept for the rigorous estimation of high degree gravity models above degree and order 2 000

is presented. Iterative solvers implemented in a high performance computing environment using several

thousands compute cores are used to derive the rigorous least-squares solution from millions of obser-

vations for more than 4 000 000 unknown parameters. A flexible design was implemented to process an

arbitrary number of observation groups. For each group a variance component can be estimated to derive
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a data adaptive weighting factor. The combined solution is derived in a weighted joint estimation from

all observation groups which might be preprocessed normal equations (e.g. from the dedicated gravity

field missions like CHAMP, GRACE or GOCE) or observations like data sets of point-wise measured

terrestrial gravity field information. The concept of the implemented solver is demonstrated. A small

scale closed loop simulation serves as proof of concept.

Keywords high performance computing, iterative solvers, global gravity field recovery, high degree

spherical harmonics

1 Introduction

Global Earth’s gravity field models are often described as a finite series of spherical harmonic coefficients,

(e.g. Heiskanen and Moritz, 1993, p. 59)

V (r, θ, λ) =
GM

a

lmax
∑

l=0

(a

r

)l+1 l
∑

m=0

(clm cos (mλ) + slm sin (mλ))Plm (cosθ) , (1)

where l and m denote the spherical harmonic degree and order, clm and slm the coefficients of the spher-

ical harmonic series, a the equatorial radius of the Earth reference ellipsoid, Plm (·) the fully normalized

associated Legendre functions, and GM the gravitational constant of the Earth. lmax is the degree of

expansion which defines the spatial resolution. In general, three types of global gravity field models can

be distinguished, depending on the observations used and the resolution the models can be resolved to.

The first class consists of the satellite-only gravity field models. Here a consistent gravity field models

are derived from the observations from a single dedicated satellite mission like CHAMP (CHAllenging

Mini-Satellite Payload, Reigber et al, 2002), GRACE (GRAvity recovery and Climate Experiment, Ta-

pley et al, 2004) or GOCE (Gravity field and steady-state Ocean Circulation Explorer, ESA, 1999).

Each of the models reflects the particular strengths of the satellites observation techniques. The obser-

vations from a single mission are analyzed, spending a lot of effort in the functional and the stochastic

modeling (e.g. Beutler et al, 2010; Mayer-Gürr et al, 2010b; Pail et al, 2011). Nowadays, in addition to

the coefficients realistic covariance matrices are provided (see for GRACE and GOCE e.g. Mayer-Gürr
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et al, 2010a,b; Pail et al, 2011), due to a lot of effort in stochastic modeling. The individual satellites

are only sensitive to the long and medium wavelength of the gravity field. Therefore, the models are

only resolved to a limited spherical harmonic degree of currently about 250–270 for the GOCE mission

(Brockmann et al, 2013a; Bruinsma et al, 2013). For the processing of the satellite-only models, the

computational challenge does not result from the number of parameters to be estimated but from the

huge number of observations (e.g. several hundreds of millions for GRACE or GOCE over several years)

and the complex stochastic properties of the data (see e.g. Schuh et al, 2010; Rummel et al, 2011). Never-

theless, iterative solvers are often used to derive solutions fast (Baur, 2009; Xie, 2005) e.g. for parameter

tuning (Brockmann et al, 2010). The final model is then often setup via the assembly and solution of

full normal equations (NEQs Pail and Plank, 2003; Bruinsma et al, 2013) to derive in addition the full

error covariance matrix.

The second class consists of combined satellite-only gravity field models, which combine the models

of the different satellites e.g. on the level of normal equations. As the resolution of those models is limited

again by the resolution of the satellite models, the normal equations are quiet small and not bigger than

40 Gigabyte. Thus, for this models, the computational challenges are limited (Pail et al, 2010; Bruinsma

et al, 2013; Farahani et al, 2013).

The third class is the class of high resolution combined gravity field models. In addition to satellite

observations (in form of their NEQs) also terrestrial measurements like gravity anomalies on land and

altimetry over the oceans are taken into account. Using these measurements, which are sensitive to

higher degrees, the resolvable resolution considerably increases. Current combined models are available

for degree and order (d/o) 360 (GIF48, Ries et al, 2011), 1 949 (EIGEN6C, Förste et al, 2008, 2012)

and 2 190 (EGM2008, Pavlis et al, 2012) which corresponds to the number of parameters in the range

of 130 000 to 4.8 mio. Whereas the GIF48 model was computed via the assembly and solution of full

normal equations (Ries et al, 2011), the higher degree models were computed introducing approximations.

EIGEN6C was computed via averaging a full normal equation solution from degree and order 2 to 370

and a blockdiagonal solution for the gridded high resolution data from 2 to degree 1 949 (Förste et al,
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2012). EGM2008 was computed from an entire block-diagonal solution. Also the involved satellite NEQs

were approximated as a block-diagonal form (Pavlis et al, 2012). Nevertheless, there are some studies,

which demonstrate, that the assembly and solution of full normal equations is possible in reasonable

time up to d/o 600–720 (Fecher et al, 2011; Brockmann et al, 2013b).

The goal of this study is to explain an implementation of a massive parallel iterative solver which

is capable to compute the rigorous least-squares solution for gravity field models of at least d/o 2 000.

Standard concepts from high performance and scientific computing are used to derive a portable imple-

mentation. Section 2 summerizes the implemented iterative solver with a special focus on the integration

of variance component estimation (VCE) to derive data adaptive weights for the observation groups.

Section 3 describes the computational tasks and challenges which have to be solved for a massive par-

allel implementation. A small scale closed loop simulation is performed in Section 4 to verify and to

analyze the implementation. A summary and some conclusions are given in Section 5.

2 Implemented Solver

The goal of this section is to review the implemented solver. The algorithms are summarized and adapted

for the implementation in a HPC environment. The basic concepts, i.e. the general model, the solver

itself and variance component estimation (VCE) to determine the unknown weights of the complementary

observation groups within the iterative solver are summarized.

2.1 Basic setup of the model

The basic iterative solver implemented – the preconditioned conjugate gradient solver (Hestenes and

Stiefel, 1952) – is well understood and well documented. The solver was already chosen by Schuh (1996)

and tailored for the processing of GOCE observations as Preconditioned Conjugate Gradient Multiple

Adjustment (PCGMA, Schuh, 1996). That implementation was optimized for the requirements of GOCE

processing, i.e. the limited spherical harmonic resolution and the huge number of auto-correlated obser-
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vations. The implementation introduced here should be more flexible and – most important – should be

able to derive rigorous solutions for millions of unknown parameters. Nevertheless, the description and

summary of the basic algorithm is close to Schuh (1996) and Boxhammer (2006).

2.1.1 Solution of combined system

The goal of the solver is to find the least-squares solution for the unknown spherical harmonic pa-

rameters arranged in the vector x. In general, it is assumed that several observation groups should be

combined, which might be available as raw observations (OEQs) plus an error description or as pre-

processed (band-limited) normal equations (NEQs) which are assumed to be sufficient statistics of the

original observations. So on the one hand there is a set of (linearized) observation equations for different

groups o ∈ {1, . . . , O}

ℓℓℓo + vo = Aox and ΣΣΣℓℓℓoℓℓℓo = σ2
oQℓℓℓoℓℓℓo , (2)

whereAo are the design matrices, ℓℓℓo the vectors of observations, σ2
o are the unknown variance components

and Qℓℓℓoℓℓℓo the cofactor matrices which are assumed to be known in this context (e.g. derived from

empirically estimated covariance functions).

A second set of observation groups n ∈ {1, . . . , N} may be a set of observation groups which were

already preprocessed and are available in form of their normal equations, e.g. the normal equations

of gravity field mission derived from a single satellite mission like CHAMP, GRACE or GOCE. These

data sets are analyzed by experts in the individual missions and are sometimes provided as a solution

vector and an unconstrained full covariance matrix. These might be used to directly recover the normal

equations. These normal equations (or covariance matrix plus solution vector) are sufficient statistics

(e.g. Koch, 1999, p. 150) of the original observations, assuming a realistic functional and stochastic model

in their assembly. These datasets consists of NEQs

1

σ2
n

Nnx =
1

σ2
n

nn, (3)

⇔
1

σ2
n

ΣΣΣ−1
n x =

1

σ2
n

ΣΣΣ−1
n xn and in addition nn, ℓℓℓ

T
nQ

−1
ℓℓℓnℓℓℓn

ℓℓℓn, (4)
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where Nn = ΣΣΣ−1
n are the preprocessed normal matrices and nn = ΣΣΣ−1

n xn the preprocessed normal

vectors provided. For the use of VCE, to determine the unknown variances σ2
n, the number of observations

nn used in the assembly of the NEQs and the product ℓℓℓTnQ
−1
ℓℓℓnℓℓℓn

ℓℓℓn have to be known, too.

The joint solution x determined from all observation groups would yield the combined system of

normal equations

(

N
∑

n=1

1

σ2
n

Nn +

O
∑

o=1

1

σ2
o

A
T
o Q

−1
ℓℓℓoℓℓℓo

Ao

)

x =

N
∑

n=1

1

σ2
n

nn +

O
∑

o=1

1

σ2
o

A
T
o Q

−1
ℓℓℓoℓℓℓo

ℓℓℓo, (5)

Nx = n (6)

where N and n are the normal matrices and normal vector of the weighted and combined normal

equations. These can be solved to determine the unknown spherical harmonic parameters in x from all

groups. For a limited spherical harmonic resolution the assembly ofN and n and the solution via Cholesky

reduction is directly possible. E.g. Brockmann et al (2013b) demonstrated this for spherical harmonics up

to d/o 720 (520 000 unknowns, size of N is 2 TB) in less then 2 hours on modern supercomputers (≈ 8 000

cores). Nevertheless, increasing the resolution to e.g. d/o 2 000 (4 000 000 unknowns, size of N is 116

TB), the direct solution technique, although implemented on a supercomputer, becomes unreasonable.

Thus, the next section will summarize the iterative solver which is used to estimate x for problem

sizes of spherical harmonic d/o of up to 2 000 without approximations. The iterative solvers avoid the

assembly of N and especially the computation of No = AT
o Q

−1
ℓℓℓoℓℓℓo

Ao. These are the computationally

demanding tasks, as the observation groups o are assumed to contain the complete signal and thus all

l2max parameters, which are about 4− 5 mio. within the aspired setup.

2.1.2 Estimation of weights as variance components

Combining complementary data types to determine the joint least-squares solution requires to address

the question of weighting the individual observation groups. Thus, in addition to the unknown solution

x, an individual weight wi for each group should be estimated from the data. A data adaptive concept

within satellite geodesy was developed by Koch and Kusche (2002) who interpreted the weights within a
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data combination procedure as inverse variance components (Förstner, 1979). Whereas Koch and Kusche

(2002) used VCE to determine a regularization parameter, the weight of the prior information, VCE can

be used in addition to derive weights for an arbitrary number of complementary observation groups.

Thus, the weights wi = 1/σ2
i for each group i ∈ {n, o} can be determined via VCE. Following again

Koch and Kusche (2002) and Koch (1999) they can be iteratively determined via

σ
(η)2
i =

Ω
(η)
i

ni −m
(η)
i

=
Ω

(η)
i

r
(η)
i

(7)

where ni is the number of observations in group i, Ω
(η)
i the weighted sum of squared residuals after

iteration η

Ω
(η)
i = v

(η)T
i Q

−1
ℓℓℓiℓℓℓi

v
(η)
i =

(

Aix
(η) − ℓℓℓi

)T
Q

−1
ℓℓℓiℓℓℓi

(

Aix
(η) − ℓℓℓi

)

(8)

= x
(η)T

Nix
(η) − 2x(η)T

ni + ℓℓℓTi Q
−1
ℓℓℓiℓℓℓi

ℓℓℓi (9)

and r
(η)
i the partial redundancy (e.g Koch and Kusche, 2002)

r
(η)
i = ni −

1

σ
(η)2
i

trace
(

N
−1

Ni

)

= ni −
1

σ
(η)2
i

trace
(

N
−1

A
T
i Q

−1
ℓℓℓiℓℓℓi

Ai

)

. (10)

To handle large systems, Koch and Kusche (2002) proposed a stochastic trace estimator to determine

the trace in (10). Within this context, as a preparation for the iterative solver, where N is unknown, it

is required to use the stochastic estimator as well. According to Hutchinson (1990), the estimator

trace (B) = E
{

PPPT
BPPP

}

, PPP ∼ U (−1, 1) , as discrete uniform distribution (11)

has minimal variance if B is symmetric. Thus (10) can be rewritten, to obtain symmetric matrices in the

trace term. We have to distinguish two cases: the groups as OEQs and the groups available as NEQs.

Partial redundancy for groups of NEQs: Introducing the Cholesky decomposition Nn = RT
nRn, the

partial redundancy can be reformulated as

rn = nn −
1

σ2
n

trace
(

N
−1

Nn

)

= nn −
1

σ2
n

trace
(

N
−1

R
T
nRn

)

= nn −
1

σ2
n

trace
(

RnN
−1

R
T
n

)

, (12)
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as the trace is invariant under cyclic permutations (e.g. Koch, 1999, p. 40). Due to its quadratic form

RnN
−1RT

n is symmetric. Inserting the stochastic estimation from (11) the partial redundancy is

rn = nn −
1

σ2
n

E
{

PPPT
nRnN

−1
R

T
nPPPn

}

,with P̄PPn := R
T
nPPPn (13)

rn = nn −
1

σ2
n

E
{

P̄PPn
T
N

−1P̄PPn

}

. (14)

Inserting k realizations of PPPn instead of the expectation value arranged as columns in the matrix Pn

and applying the same transformation P̄n = RT
nPn the estimate for the partial redundancy as mean

value from the k samples is

rn = nn −
1

σ2
n

1

k
trace

(

P̄
T
nN

−1
P̄n

)

. (15)

For readability, the iteration indexes (η) and (η−1) are omitted.

Partial redundancy for groups of OEQs: Introducing the Cholesky decomposition Q−1
ℓℓℓoℓℓℓo

= GT
o Go, the

partial redundancy from (10) can be rewritten as

ro = no −
1

σ2
o

trace
(

N
−1

A
T
o G

T
o GoA

)

= no −
1

σ2
o

trace
(

GoAN
−1

A
T
o G

T
o

)

, (16)

with GoAN−1AT
o G

T
o being symmetric. Thus, again inserting the stochastic trace estimator yields

ro = no −
1

σ2
o

E
{

PPPT
o GoAN

−1
A

T
o G

T
o PPPo

}

,with P̄PPo := A
T
o G

T
o PPPo (17)

ro = no −
1

σ2
o

E
{

P̄PPo
T
N

−1P̄PPo

}

. (18)

Replacing again the expectation value by k realizations arranged in the matrix Po and applying the

same transformation P̄o = AT
o G

T
o Po the estimate for the partial redundancy is

ro = no −
1

σ2
o

1

k
trace

(

P̄
T
o N

−1
P̄o

)

, (19)

already introducing the mean value of all realizations. These representation of VCE can be integrated

in the iterative solver as demonstrated in Sect. 2.2.2.
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2.2 PCGMA including variance component estimation

For the combination of normal and observation equations the Preconditioned Conjugate Gradient Multiple

Adjustment (PCGMA) algorithm was proposed by Schuh (1995, 1996) as a connection of the conjugate

gradient algorithm proposed by Hestenes and Stiefel (1952) and the extension for adjustment problems

by Schwarz (1970). This section is used to summarize the basic (serial) PCGMA algorithm and extend

it by VCE following the line of thought of Alkhatib (2007).

2.2.1 Basic PCGMA algorithm

The basic PCGMA algorithm is summarized in Alg. 1. The expensive computations ofN, especiallyNo =

AT
o Q

−1
ℓℓℓoℓℓℓo

Ao, are avoided, instead only a few matrix vector multiplications have to be performed in each

iteration (especially in the computations of h(ν)). The result of the algorithm is a least-squares estimate

of the unknown parameters x after ν iterations. In contrast to direct solution methods, a covariance

matrix of the parameters can only be computed applying Monte Carlo techniques (cf. Alkhatib and

Schuh, 2007). As the expected convergence rate heavily depends on the condition of N and gravimetric

problems tend to be ill-conditioned (e.g. Schwintzer et al, 1997; Ilk et al, 2002), one essential step for

the convergence of the PCGMA algorithm is the design of a preconditioner. A preconditioner N⊕, a

sparse approximations of N, is used to accelerate the convergence. This preconditioner should have

the following properties: i) it should reflect the main characteristics of N, ii) it should be sparse and

easily computable and iii) the decomposition (e.g. Cholesky for the preconditioning step) should be

sparse as well. Whereas very special preconditioners might be designed for very individual problems and

setups (e.g. Boxhammer and Schuh, 2006), already quiet simple designs can considerably improve the

convergence rate of general spherical harmonic analyses. As shown in Boxhammer (2006, p. 68) a simple

block-diagonal preconditioner can be a very efficient general approximation and significantly accelerates

the PCGMA convergence.
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Algorithm 1: PCGMA algorithm following Schuh (1996).

Data:

N⊕ sparse preconditioning matrix νmax maximal number of PCGMA iterations

Ao design matrix o ∈ {1...O} ℓℓℓo vector of observations o ∈ {1...O}

Qℓℓℓoℓℓℓo
cofactor matrix of observations o ∈ {1...O} wo weight for observation group o ∈ {1...O}

Nn normal matrix for group n ∈ {1...N} nn right hand side of NEQ for n ∈ {1...N}

wn weight for observation group n ∈ {1...N} x(0) initial values for parameters

r(0) =
∑N

n wn

(

Nnx(0) − nn

)

+
∑O

o woAT
o

(

Q
−1
lolo

Aox(0) − ℓℓℓo

)

// compute initial joint residuals1

ρρρ(0) = solve
(

N⊕, r(0)
)

// apply preconditioner to residuals2

πππ(0) = −ρρρ(0) // initial search direction3

// PCGMA - iterations4

for ν = 0 to νmax − 1 do5

if ν > 0 then6

// update step for search direction7

eν =
r(ν)Tρρρ(ν)

r(ν−1)Tρρρ(ν−1)8

πππ(ν) = −ρρρ(ν) + eνπππ(ν−1)9

end10

h(ν) =
∑N

n wnNnπππ(ν) +
∑O

o woAT
o Q

−1
lolo

Aoπππ
(ν)11

// update step for parameters12

q(ν) =
r(ν)Tρρρ(ν)

πππ(ν)T h(ν)13

x(ν+1) = x(ν) + q(ν)πππ(ν)14

// update step for residuals15

r(ν+1) = r(ν) + q(ν)h(ν)16

// apply preconditioner to residuals17

ρρρ(ν+1) = solve
(

N⊕, r(ν+1)
)

18

end19

return x(νmax)20

2.2.2 VCE in iterative solvers

The basic PCGMA algorithm from Alg. 1 may be extended for a VCE for an arbitrary number of

of variance components. As within iterative solvers N is not computed, but needed in VCE standard

form (10), the Monte Carlo based method is used as introduced in (15) and (19) (cf. Alkhatib, 2007;

Brockmann and Schuh, 2010).

Whereas Ωi can be directly computed as for the direct solver, the computation of the partial redun-

dancies, especially the trace term in (15) and (19), has to be adapted and integrated into the iterative

procedure. Especially, the computation of the trace term P̄T
i N

−1P̄i for both groups n and o . Defining

Zi := N
−1

P̄i, ⇔ NZi = P̄i, (20)
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Zi can be directly determined via solving the system of normal equations with the PCGMA for additional

right hand sides P̄i. The partial redundancies are then determined via

ri = ni −
1

σ2
i

1

k
trace

(

P̄
T
i Zi

)

. (21)

Including this steps into Alg. 1, yields the complete PCGMA algorithm with VCE shown in Alg. 2.

The intention of Alg. 2 is to given a quiet simple overview about the implemented algorithm. Thus,

so far, a major point was not addressed and not taken into account in the algorithm. Not all normal

equations are assembled for the same set of parameters, instead individual NEQs Nn are just assembled

for a (small) subset of the parameters to be estimated. Thus the NEQs differ in size and thus in pa-

rameter ordering. This point will be addressed in the next section, in which the implementation on high

performance computers is addressed and a concept for a massive parallel implementation is presented.

3 Computational aspects

Within this section, the massive parallel implementation of the PCGMA algorithm on a high-performance

compute cluster is summarized. Standard concepts of scientific computing are used to implement the

solver presented in Sect. 2. The goal is a flexible implementation, which is capable to operate on thousands

of compute cores. Assume a cluster with N = R · C compute cores, which can be virtually arranged as

a R× C Cartesian grid. These cores, belonging to a set of compute nodes, are connected via a network

device. Furthermore it is assumed, that each of the compute cores has only a direct access to its own

local main memory. Thus, if data stored in the memory of a specific core is needed by one of the other

cores, the data has to be shared via data communication over the network.

Within high-performance computing (HPC), the Message Passing Interface (MPI, MPI-Forum,

2009) standard exists. Different implementations of this standard (e.g. Gabriel et al, 2004; Balaji et al,

2013) allow to start one process of the application on each core and provide dedicated send and receive

operations to communicate data along compute cores/processes. In combination of a MPI library and

extensions like the Basic Linear Algebra Communication Subprograms library (BLACS, Dongarra and
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Whaley, 1997) besides the communication (i.e. message passing routines), the set up of Cartesian grids for

the cores is provided. Coordinates are assigned to each individual core (or the process of the application

running on that core) such that each of the N cores can be addressed via Cartesian coordinates (r, c)

with r ∈ {0, . . . , R− 1} and c ∈ {0, . . . , C − 1}.

3.1 General design

The set up and use of MPI and BLACS is a prerequisite for the use of block-cyclic distributed matrices.

The concept of distributing large matrices block-cyclically along a Cartesian grid of compute cores is a

(quasi-) standard in HPC (Sidani and Harrod, 1996; Blackford et al, 1997, Chap. 4). As this concept is

used for all matrices and vectors in the implementation of the PCGMA algorithm, the concept is briefly

described. For details, as they are very technical, the reader should refer to Blackford et al (1997).

Given a general dense matrix Ag, the whole matrix (often called global matrix) is divided into blocks

of an arbitrary block size br × bc,

A
g =



























A
g
0,0 A

g
0,1 · · · A

g
0,J−1

A
g
1,0 A

g
1,1 · · · A

g
1,J−1

...
... · · ·

...

A
g
I−1,0 A

g
I−1,1 · · · A

g
I−1,J−1



























. (22)

Except the matrix blocks A
g
I−1,∗ and A

g
∗,J−1, all blocks are of dimension br × bc. A

g
I−1,∗ and A

g
∗,J−1

might be of a smaller dimension. These blocks are now cyclically distributed along the Cartesian core

grid of dimension R×C. The blocks of the first row (i = 0) are distributed alternating to the processors

of the first row of the core grid (0, c). Block A
g
0,j is stored on processor with coordinates (0,mod (j, C)).

The second row of blocks A
g
1,j is distributed alternating along the second row of the core grid. The

general rule can be written as Ag
i,j 7→ (mod (i, R) ,mod (j, C)). If I > R, the Ith row will be distributed

again over the first row of the processors grid. All matrix blocks mapped to a core (r, c) are arranged
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there in a local, serial stored, matrix

A
l
r,c =

















A
g
i,j A

g
i,j+C · · ·

A
g
i+R,j A

g
i+R,j+C · · ·

...
... · · ·

















. (23)

Thus, instead of operating on a global matrix, local operations have to be performed on Al
r,c, containing

elements of the global matrix but not necessarily neighboring ones. It is important to realize, that

neighboring elements from Ag occur only as neighboring elements in the local matrices Al
r,c within the

small sub blocks of size br × cc.

For matrices (and vectors) stored in this scheme, two libraries exist for basic matrix and linear alge-

bra operations (Parallel Basic Linear Algebra Subprograms, PBLAS; Scalable Linear Algebra Package,

ScaLAPACK Blackford et al, 1997) containing basic matrix computations. The whole algorithm pre-

sented in Sect. 2 is implemented on this block-cyclic distributed matrices, such that huge matrices can

be used and operated on. The next subsection will give some details on the implementation using this

distributed matrices.

3.2 Implementation of PCGMA in the HPC environment

The PCGMA algorithm summarized in Alg. 2 is directly implemented using the concept of block-cyclic

distributed matrices for all matrices (and vectors) involved. The standard operations for matrices like

additions, multiplications or solutions can be directly performed using PBLAS and ScaLAPACK libraries.

Therfore, within this section, we focus on the implementation of H(ν) (see Alg. 2, l. 38), as it is the

computationally most demanding step and some individual implementations are needed.

Numbering scheme for the PCGMA algorithm: As the observation equations have to be newly set up

in each PCGMA iteration ν, the fast set up of the distributed matrix Ao is essential within the imple-

mentation of the iterative solver. Thus, using block-cyclically distributed matrices, the local matrices

Al
o should be locally computable without communication with other processes. In addition, redundant
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computations of several cores should be avoided, or at least minimized. Redundant computations might

occur during the expensive recursive computations of the Legendre functions, which are performed by

orders (e.g. Holmes and Featherstone, 2002). Thus, it is important, that all columns of Ao corresponding

to coefficients of the same order, are within a single local matrix Al
o, or spread over as few local matrices

as possible. Therefore, a numbering scheme depending on the parameters of the block-cyclic distribution

(br and bc) and the size of the compute grid (R and C) is determined at runtime.

The numbering scheme of the global matrix Ao is driven by the fact that the local matrices along

a row of the processor grid Âo =

[

Al
r,0 Al

r,1 Al
r,2 · · · Al

r,C

]

follow an order-wise numbering scheme.

Thus, the global numbering scheme might look arbitrary at first view, but results from the fact, that

parameters of the same order are collected as good as possible in the same local matrices. This minimizes

redundant computation in the recursive computations of Legendre functions.

Reordering of block-cyclic distributed matrices: Choosing a configuration dependent numbering scheme

allows that the matrix Ao can be efficiently computed, but results in a numbering scheme which dif-

fers to the fixed numbering scheme of the preconditioner (N⊕ is only blockdiagonal in the order-wise

numbering). Before applying the preconditioner, R(ν) has to be modified via a sequence of row inter-

changes to arrive – in view of the global matrix – in the order-wise ordering of the preconditioner. As

the numbering scheme (parameter sequence) of R(ν) is configuration dependent, a reordering between

two arbitrary numbering schemes needs to be performed.

A flexible method via a comparison and sorting of the symbolic parameters is used to derive an index

vector from two general symbolic numbering schemes. Transforming the index vector to a serial sequence

of permutations, a ScaLAPACK helping function for pivoting can be used to reorder rows and columns

of a block-cyclic distributed matrix (pdlapiv).

Computation of the update vector for the OEQ groups: For the groups which are processed as OEQs,

the fast and efficient set up of the observation equations is essential. As described above, using the

special numbering scheme, Legendre functions can be computed recursively with only a few redundant
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computations on different cores. Thus, via the local (i.e. serial) computation of Al
r,l the global matrix

Ao is set up and the computation of H
(ν)
n := woA

T
o Q

−1
lolo

AoΠΠΠ
(ν) and the update step can be directly

performed using PBLAS and ScaLAPACK routines. As Ao is set up directly in the proper numbering

scheme, the update step H(ν) = H(ν) +H
(ν)
o can be directly performed. Note that it is more efficient to

set up AT
o than Ao, if column major ordering is used for serial matrix storage.

Computation of the update vector for the NEQ groups: The normal equations Nn are available in a

specific parameter ordering and only for a small subset of the parameters. The number of parameters in

Nn is called mn. Nevertheless, the contribution wnNnΠΠΠ
(ν) to the update vector has to be computed.

Thus, the following steps have to be performed:

1. Perform a sequence of row interchanges of ΠΠΠ(ν) so that the parameter order of the first mn rows

correspond to the parameter order of Nn, ⇒ Π̃ΠΠ
(ν)

.

2. Perform the multiplication H̃
(ν)
n := wnNnΠ̃ΠΠ

(ν)
(1 : mn, :), where Π̃ΠΠ

(ν)
(1 : mn, :) is the subset of the

first mn rows and all columns.

3. Extend H̃
(ν)
n by zeros for parameters not contained in group n. Reorder the rows of the matrix

[

H̃
(ν)
n 0

]T

into the numbering scheme of original ΠΠΠ(ν) to obtain H
(ν)
n .

4. Perform the update H(ν) = H(ν) +H
(ν)
n .

4 Closed loop simulation

To test the concept and to verify the implementation, a small scale closed loop simulation was performed.

In this section the simulation is summarized and the runtime behavior of a PCGMA iteration is analyzed.

4.1 Simulated data

The EGM2008 (Pavlis et al, 2012) model was used to generate eighteen synthetic datasets. N = 3

datasets were created as normal equations. Real satellite normal equations from GRACE and GOCE
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4.2 Simulation results

The presented massive parallel implementation of the PCGMA algorithm was used to recover the 250 997

spherical harmonic coefficients and the 18 unknown weights (i.e. inverse variance components) from the

18 observation groups. As a preconditioner a blockdiagonal matrix was used. EGM96 (Lemoine et al,

1996) served as a initial solution for the iterative solver and coefficients above degree 360 were set to

zero. Initial weights wi = 1.0 were used as starting values for the unknown weights for the iterative VCE.

The PCGMA algorithm was iterated νmax = 75 times within each of ηmax = 4 VCE iterations.

For each of the four VCE iterations, a reference solution was computed via the assembly and solution

of full normal equations. The convergence behavior of the PCGMA iterations w.r.t. the reference solutions

in terms of degree variances computed from coefficient differences are shown for each VCE iteration in

Fig. 2. The black solid lines show the reference solutions and the black dashed lines the degree error

variances estimated from the formal coefficient standard deviations of that VCE iteration. The different

PCGMA iterations – as difference to the reference solutions – are shown as grey lines. After 50 PCGMA

iterations, the coefficients are determined within the formal coefficients accuracy.

In addition to the convergence of the solution, the convergence of the estimated variance components

is shown as relative value δσ
(η)
n,o =

σ(η)
n,o−σn,o

σn,o
in Fig. 3. σn,o names the true value used in the generation

of the synthetic data. For most groups, the standard deviations converged to 10−2 – 10−3 after iteration

2. Only the groups containing only a small number of observations (o = 6, 7, 8) show a slightly worse

behavior. Nevertheless, they are recovered better then 10−1 after the second VCE iteration. For the

Monte Carlo based trace estimation five Monte Carlo samples were used per observation group (although

a single sample should be sufficient, Koch and Kusche, 2002). Hence, the system of equations was solved

for 91 right hand sides with the PCGMA algorithm.
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other hand the scalability of the implementation. That means the decrease of runtime compared to the

increase of the number of compute cores is measured. Note that all absolute (and relative) numbers

and all conclusions given are only valid for the small scenario analyzed. Within this context, the word

scenario means the whole set up: I) the problem to be solved itself (number of observations, number

of datasets, number of unknown parameters, ...), thus the input to the algorithm and II) the technical

configuration which is mainly the hardware and configuration (e.g. arrangement of compute grid, number

of cores involved, parameters for block cyclic distribution, ...).

Runtime of a single PCGMA iteration: This section is used to briefly analyze the runtime of a single

PCGMA iteration step for the datasets introduced above. The given numbers were derived on the

JUROPA supercomputer at FZ Jülich on a 24×24 core grid (576 cores) using the block size of distributed

matrices br = bc = 80. On average one PCGMA iteration in the set up summarized above took 222 s.

Not surprisingly, the major part is consumed by the computation of the update vector H(ν) which took

204 s (92%). The next time-intensive step from Alg. 2 is the preconditioning step. However it can be

performed in less then 8 s. As the computation of H(ν) consists of two major parts, i.e. i) the processing

of NEQs and ii) the handling of OEQs, these parts can be looked at separately. The processing of the

normal equations took 48 s (22%), where most of the time is spend for reading the normal equations

from disk. This is a part of the implementation which can be easily be accelerated. It is possible to

read all NEQ matrices once within a VCE iteration and perform the weighted combination only once.

The consequence would be that the combined NEQ has to be held in-core during all PCGMA iterations

(which is possible as the NEQ groups are limited in size). But still the major runtime is consumed

during the ii) step, computation of the update of H(ν) for the groups of observation equations. That

is again not surprising, as the observation equations have to be set up for all observations, and for all

parameters as it is assumed that the observation groups contain full signal content. The runtime for

all O groups is 156 s, which corresponds to 70% of the whole runtime per iteration. Within this step

the following three operations are performed: I) Set up/build of Ao: 39 s=̂25% (18% of overall time),
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derive the least-squares solution from the assembly and solution of full normal equations. Whereas this

is a reasonable option (Brockmann et al, 2013b) for resolution up to about d/o 720 (520 000 parameters,

2Terabyte NEQ). For this purpose, well known iterative solvers are used to obtain the rigorous solution

for the unknown parameters of very high degrees. However, if the number of parameters is huge and

millions of observations should be processed, a tailored massive parallel implementation of the algorithm

is needed in an high performance computing environment (supercomputers, compute clusters). Within

this study, the PCGMA algorithm (Schuh, 1996) was implemented in a HPC environment making use

of standard concepts and libraries from scientific and high performance computing. In addition to the

solution, the algorithm is extended to estimate unknown variance components for an arbitrary number of

(complementary) observation groups to address the concept of relative weighting. The implementation

was designed for the estimation of gravity field models up to degree and order 2 000. To derive the

solution within a reasonable time, the implementation is capable to run on thousands of compute cores

in parallel. This contribution is used to present the basic idea, trying to avoid too many technical and

implementional details. A small scale closed loop simulation study was used to verify the algorithm

and implementation. A gravity field model to d/o 500 (250 000 parameters) was estimated from 18

datasets in a joint least-squares adjustment. A rigorous solution is determined without restricting the

stochastic modeling of the observations as well as the data distribution. Thus, full covariance matrices of

datasets can be handled (although not shown in the simulation) and observations on arbitrary grids, or

as shown along satellite orbits, can be directly processed in-situ. This would not be the case for widely

used methods working with a block-diagonal approximation, where all data have to be interpolated to

a regular grid within a preprocessing step. The algorithm and the implementation was tested in a HPC

environment. Successful computations were performed on 16 up to 2 000 cores for the described setup.

In addition first successful tests show that computations up to degree and order 2 000 are possible using

the described implementation. It is demonstrated, that using HPC concepts, approximative solutions –

like the block-diagonal approximation – can be avoided and the rigorous non-approximative solutions

can be determined. Nevertheless the study pointed out some potential to accelerate the computations,
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e.g. via the use more sophisticated preconditioners (the number of iterations needed is much higher then

expected) or via some detailed implementational updates (e.g. minimizing file reading operations for

normal equations).
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Algorithm 2: PCGMA algorithm extended for VCE.

Data:

N⊕ sparse preconditioning matrix νmax maximal number of PCGMA iterations

Ao design matrix o ∈ {1...O} ℓℓℓo vector of observations o ∈ {1...O}

Qℓℓℓoℓℓℓo
cofactor matrix of observations o ∈ {1...O} wo weight for observation group o ∈ {1...O}

Nn normal matrix for group n ∈ {1...N} nn right hand side of NEQ for n ∈ {1...N}

wn weight for observation group n ∈ {1...N} x(0,0) initial values for parameters

ηmax maximal number of VCE iterations k number of Monte Carlo samples

for η = 1 to ηmax do1

X(η,0) =

[

X(η−1,0) 0 · · · 0

]

// compose start solution, 0 for the k*(N+O) MC parameters2

R(0) = 0 // initilize combined residuals with 0, dimension: # parameter ×(N + O)k + 13

// add contribution by NEQ group n4

for n = 1 to N do5

// Generate Monte Carlo Samples for all groups n, dimension: #parameter × k6

Pn = ±1 ∼ U (−1, 1)7

// sample transformation8

Rn = chol (Nn)9

P̄n = RT
nPn10

// right hand sides for group n, first column to insert P̄n: 1 + (n − 1)k11

Bn =

[

nn 0 · · · 0 P̄n 0 · · · 0

]

12

R(0)+ = w
(η−1)
n

(

NnX(η,0) − Bn

)

13

end14

// add contribution by OEQ group o15

for o = 1 to O do16

// Generate Monte Carlo Samples for all groups n, dimension: #observations × k17

Po = ±1 ∼ U (−1, 1)18

Go = chol

(

Q
−1
ℓℓℓoℓℓℓo

)

19

P̄o = AT
o Go

T20

// right hand sides for group n, first column to insert Po: 1 + Nk + (o − 1)k21

Lo =

[

Goℓℓℓo 0 · · · 0 Po 0 · · · 0

]

22

R(0)+ = w
(η−1)
o AT

o Go
T

(

GoAoX(η,0) − Lo

)

23

end24

ΓΓΓ (0) = solve
(

N⊕,R(0)
)

// apply preconditioner to residuals25

ΠΠΠ(0) = −ΓΓΓ (0) // initial search direction26

// PCGMA - iterations27

for ν = 0 to νmax − 1 do28

if ν > 0 then29

// update step for search direction30

Eν = R(ν)TΓΓΓ (ν)

R(ν−1)TΓΓΓ (ν−1)
element-wise division!31

ΠΠΠ(ν) = −ΓΓΓ (ν) + Eν ◦ ΠΠΠ(ν−1) ◦ := scaling of column k with Eν (k, k)!32

end33

H(ν) =
∑N

n wnNnΠΠΠ(ν) +
∑O

o woAT
o Q

−1
lolo

AoΠΠΠ
(ν)34

// update step for parameters35

Q(ν) = R(ν)TΓΓΓ (ν)

ΠΠΠ(ν)T H(ν)
element-wise division!36

X(η,ν+1) = X(η,ν) + Q(ν) ◦ ΠΠΠ(ν) ◦ := scaling of column k with Qν (k, k)!37

// update step for residuals38

R(ν+1) = R(ν) + Q(ν) ◦ H(ν) ◦ := scaling of column k with Qν (k, k)!39

// apply preconditioner to residuals40

ΓΓΓ (ν+1) = solve
(

N⊕,R(ν+1)
)

41

end42

// update weights of OEQ groups i (o and n) using eq. (7) and (8), (21)43

w
(η+1)
i

= computeVCE(X(η,νmax), P̄i)44

η = η + 145

end46

return X(ηmax,νmax), w
(ηmax)
o , w

(ηmax)
n47
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Table 1 Data sets based on NEQs used in the closed loop simulation.

n name NEQ/Σnn RHS d/o σn

1 GRACE ITG-Grace2010s EGM08+ N
(

0, σ2
nN

−1
n

)

2-180 1.054

2 GOCE SST EGM TIM RL03 EGM08+ N
(

0, σ2
nN

−1
n

)

2-100 0.954

3 GOCE SGG EGM TIM RL03 EGM08+ N
(

0, σ2
nN

−1
n

)

2-250 0.913

Table 2 Data sets o introduced to the algorithm as observations and used in the simulation. The observations

were generated from EGM2008 for d/o 3 – 500.

o name functional no σo

√

QQQlolo (i, i)

1 Africa anomalies 63 750 6.0mGal U (0.9, 1.1)

2 Antarctica anomalies 155 576 5.0mGal U (0.9, 1.1)

3 Australia anomalies 17 276 2.4mGal U (0.9, 1.1)

4 Eurasia anomalies 163 691 3.2mGal U (0.9, 1.1)

5 Greenland anomalies 17 061 3.6mGal U (0.9, 1.1)

6 Indonesia anomalies 5 095 5.2mGal U (0.9, 1.1)

7 Island anomalies 497 2.8mGal U (0.9, 1.1)

8 New Zealand anomalies 724 3.4mGal U (0.9, 1.1)

9 North America anomalies 75 048 2.0mGal U (0.9, 1.1)

10 South America anomalies 38 504 7.2mGal U (0.9, 1.1)

11 North pole Cap anomalies 23 400 2.4mGal U (0.9, 1.1)

12 Cryosat2 sc1 geoid height 577 272 1.0 cm U (0.9, 1.1)

13 Cryosat2 sc2 geoid height 577 293 3.1 cm U (0.9, 1.1)

14 Cryosat2 sc3 geoid height 577 479 1.2 cm U (0.9, 1.1)

15 Cryosat2 sc4 geoid height 577 211 3.3 cm U (0.9, 1.1)


