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Abstract Rank-deficient estimation problems often oc-
cur in geodesy due to linear dependencies or under-
determined systems. Well-known examples are the ad-
justment of a free geodetic network or a finite element
approximation with data gaps. If additional knowledge
about the parameters is given in form of inequalities
(e.g., non-negativity), a rank-deficient and inequality
constrained adjustment problem has to be solved.
In Roese-Koerner and Schuh (2014) we proposed a
framework for the rigorous computation of a general
solution for rank-deficient and inequality constrained
least-squares problems. If the constraints do not re-
solve the manifold of solutions, a second minimization
is performed in the nullspace of the design matrix. This
can be thought of as a kind of pseudoinverse, which
takes the inequality constraints into account.
In this contribution, the proposed framework is re-
viewed and the effect of different objective functions
in the nullspace optimization step is examined. This
enables us to aim for special properties of the solu-
tion like sparsity (L1 norm) or minimal maximal er-
rors (L∞ norm). In a case study our findings are applied
to two applications: a simple bivariate example to gain
insight into the behavior of the algorithm and an engi-
neering problem with strict tolerances to show its po-
tential for classic geodetic tasks.
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1 Introduction

Geodesists often encounter rank-deficient optimization
problems. This can be either due to underdetermined
equation systems (e.g., resulting from a second order
design of a geodetic network with more weights to be
estimated than entries in the criterion matrix) or due to
external parameters, which cannot be estimated from
the observations (e.g., a datum defect). These cases do
not result in one unique but in a manifold of solutions.
If the situation gets even more complicated and addi-
tional knowledge about the parameters in form of linear
inequality constraints is given, no closed formulas ex-
ist. Inequalities for nonnegative quantities like run-time
delay in GPS, SAR or VLBI or e.g., slope constraints
in surface fitting are typical constraints.

In the unconstrained case, usually a second objec-
tive function is introduced to the problem to enforce
a unique solution despite the rank-defect. A classic
choice would be to minimize the length of the solu-
tion vector with respect to the L2 norm (cf. Gill et al,
1991, p.230-234). While unconstrained problems with
a rank-defect are well studied, little is known about the
inequality constrained case.

The special case of non-negative least-squares with
a possible rank-defect and additional inequalities was
solved by Schaffrin (1981). However, this method
cannot be generalized easily. Werner and Yapar
(1996) proposed a method for computing a rigorous
general solution of inequality constrained problems
with a rank-defect. Unfortunately, their method is
solely suited for small-scale problems as it involves
arbitrarily testing of subsets of the constraints, which
becomes a limiting factor in the multivariate case.
Additional work by Xu et al (1999) is focused on the
stabilization of ill-conditioned linear complementarity
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problems. Dantzig (1998) described a method to
compute one arbitrary particular solution despite a
possible rank-defect for problems with a linear or
quadratic objective function. However, no description
of the manifold of solutions is given.

All these algorithms are either tailor-made for
special problems or yield only one of an infinite
number of particular solutions or are restricted to
small-scale problems. Therefore, in Roese-Koerner
and Schuh (2014) we developed a framework for
the rigorous computation of a general solution of
inequality constraint least-squares problems. Based on
this framework, here we set out to compute a solution
with desirable properties like e.g., sparsity, exploring
the opportunities which result from the choice of the
objective function in the second minimization step.

2 Inequality constrained estimation

In the following, we focus on a linear Gauss-Markov
model (GMM)

`̀̀+v = Ax. (1)

n×1 vector `̀̀ contains the observations and n×1 vector
v the corresponding residuals. A is the design matrix
and x comprises the m parameters to be estimated. Fol-
lowing the least-squares principle, the (weighted) sum
of squared residuals shall be minimized

Φ(v) = vT
ΣΣΣ
−1v . . .min . (2)

ΣΣΣ is the possibly fully populated variance-covariance
matrix of the observations. The objective function shall
be minimized with respect to p inequality constraints
which have to be fulfilled strictly. Linear inequality
constraints can be formulated as

BT x≤ b. (3)

m× p matrix B is called constraint matrix and p× 1
vector b is the corresponding right-hand-side of the
constraints. The constraints can be subdivided in active
constraints Ba,ba, which hold as equality constraints
at the optimal solution x̃ and inactive constraints Bi,bi,
which hold as strict inequalities

BT
a x = ba, BT

i x < bi. (4)

Minimizing (2) subject to (3) will be refered to as the
inequality constrained least-squares (ICLS) problem,
which can be expressed as a quadratic program (QP)
in standard form

INEQUALITY CONSTRAINED LEAST-SQUARES

objective funct.: Φ(x) = vTΣΣΣ−1v . . . Min

constraints: BT x≤ b

optim. variable: x ∈ IRm.

(5)

A QP is a convex optimization problem with a
quadratic objective function and linear constraints.
As QPs are well studied, there is a variety of existing
algorithms to solve them efficiently. Therefore, it can
be beneficial to reformulate the described problem as
a QP. As it is not known beforehand which constraints
will be active in the optimal solution, only iterative
algorithms exist. Most of them can be subdivided into
two classes: simplex methods (e.g Dantzig’s simplex
method for quadratic programming, Dantzig, 1998, p.
490-498) and interior-point methods (e.g., primal-dual
methods, Boyd and Vandenberghe, 2004, p. 609-613).

3 Rank deficient ICLS problems

In the following, we focus on determining a unique rig-
orous general solution of the ICLS problem (5) with a
rank-deficient design matrix A,

Rg(A) = r < m, d = m− r. (6)

The proposed framework consists of three major parts.
First, inequality constraints are not taken into account,
a general solution of the rank-deficient unconstrained
problem is computed, and a transformation of param-
eters is performed (described in Sect. 3.1). The next
step depends on whether the manifold of solutions
and the feasible set intersect. In case of an intersec-
tion (case 1, Sect. 3.2), there is still a manifold and
a second minimization procedure is carried out in the
nullspace. If there is no such intersection (case 2, Sect.
3.3), Dantzig’s method is used to compute a particular
solution of the original problem. The resulting partic-
ular solution can be shown to be unique if no active
constraint is parallel to the manifold. In turn, an active
parallel constraint calls for a nullspace optimization.
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3.1 Transformation of parameters

As described in Roese-Koerner and Schuh (2014), the
introduction of linear inequality constraints can result
in a shift and/or a restriction of the manifold but never
in a rotation. Therefore it is instructive to first compute
a general solution of the unconstrained ordinary least-
squares (OLS) problem

x̃OLS(λλλ ) = xOLS
P +Xhom λλλ . (7)

Subsequently, the constraints (3) can be reformulated
with respect to the d free parameters λλλ , the particular
solution xOLS

P and the homogenous solution Xhom,

BT (xOLS
P +Xhom λλλ

)
≤ b (8)

With the substitutions BT
λλλ

:= BT Xhom and
bλλλ := b − BT xOLS

P , (3.1) reads

BT
λλλ

λλλ ≤ bλλλ . (9)

If these constraints are contradictory (as it can be ex-
amined by solving a feasibility problem, cf. Boyd and
Vandenberghe, 2004, p.579-580), there is no intersec-
tion of manifold and feasible set and we proceed as
described in Sect. 3.3. Otherwise, we proceed as de-
scribed in Sect. 3.2.

3.2 Case 1: Intersection

In case of an intersection, we aim for the rigorous com-
putation of a unique particular solution. Therefore, a
second optimization problem is introduced (e.g., mini-
mizing the length of the solution vector with respect to
the norm Lp). As this minimization takes place in the
nullspace of design matrix A, the value of the objective
function (2) of the original problem does not change

NULLSPACE OPTIMIZATION PROBLEM

objective funct.: ΦNS
(
xICLS

P (λλλ )
)

. . . Min

constraints: BT
λλλ

λλλ ≤ bλλλ

optim. variable: λλλ ∈ IRd .

.
(10)

The minimization yields optimal free parameters λ̃λλ ,
whose insertion in (7) results in

x̃ICLS
P = xOLS

P +Xhomλ̃λλ , (11)

which is a unique particular solution that fulfills all
constraints.

3.3 Case 2: No intersection

If manifold and feasible region are disjunct and there
is no active parallel constraint, the constraints have re-
solved the manifold. Therefore, it is sufficient to com-
pute one particular solution of the constraint problem
— e.g., with Dantzig simplex method for QPs. It can
be shown that

x̃ICLS = xICLS
P (12)

is the unique solution. Instead, if at least one active
constraint is parallel to the manifold, there is a shift
of the manifold and a second objective function has to
be introduced, as described in Sect. 3.2.

A more detailed description of the framework is
provided in Roese-Koerner and Schuh (2014).

4 Nullspace optimization

In this section, the choice of the (second) objective
function ΦNS in the nullspace optimization problem
(10) is discussed. As the whole minimization takes
place in the nullspace of the design matrix, the value
of the original objective function (2) will not change.
Nonetheless, choosing a suitable second objective
function for a particular problem can be helpful to
achieve properties like sparsity of the parameter vector.

Two different parts of the objective function can be
distinguished, which will be examined in some detail:
the functional relationship and the norm, with respect
to which the minimization (or maximization) shall be
performed.

4.1 Functional relationship

The functional relationship strongly depends on the ap-
plication. However, there are two main concepts which
are applicable to a big variety of problems.
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First, the length of the parameter vector x can be
minimized. This can e.g., be beneficial if not absolute
coordinates but coordinate differences are estimated,
which should be close to the initial coordinates.
More sophisticated approaches include a weighted
minimization of the length of the parameter vector.
For example if prior knowledge about the magnitude
of the parameters is given. Prominent examples are
Kaula’s rule of thumb in gravity field estimation or
the demand for a decay of the amplitudes of higher
frequencies in signal processing to achieve a square
integrable function. A mathematical example for the
minimization of the length of the parameter vector is
provided in Sect. 5.1.

The second main concept is to maximize the dis-
tance to the constraints

||BT x(λλλ )−b|| . . .max (13a)

⇐⇒||BT xP +BT Xhomλλλ −b|| . . .max . (13b)

This could be beneficial, if the constraints constitute a
kind of outermost threshold. One of the main advan-
tages of the use of inequality constraints is, that they
do not influence the result, if they are not active. Ther-
fore, it it usually not possible to provide a buffer to the
boundary of the feasible set without losing estimation
quality (shown by an increased value of the original
objective function). However, due to the optimization
in the nullspace of A, we are in the unique position to
apply such a buffer without deteriorating the estimate.
In Sect. 5.2 an application is described, in which this
type of functional relationship is applied.

4.2 Norms

In the following, we will point out some general as-
pects of different norms and their influence on the most
classical functional relationship: the length of the solu-
tion vector. Lp norms

||x||p :=
(
xp

1 + xp
2 + . . .+ xp

m
)1/p

, p = 1,2, . . . ,∞

used in adjustment theory include the L1 norm, the
L2 norm and the L∞ norm (cf. Jäger et al, 2005; Boyd
and Vandenberghe, 2004, p.125-128 and p. 635, re-
spectively).
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Fig. 1 Two dimensional unit spheres of L1 (orange), L2 (blue)
and L∞ norm (green). The L1 diamond evolves from the sum-
mation of x and y value, while for the L∞ square, only the value
of the biggest quantity is decisive. Figure modified and extended
from Tibshirani (1996).

Most often, the length of a vector is minimized with
respect to the L2 norm (also known as Euclidean norm).
This is a quite natural choice, which can easily be vi-
sualized geometrically. However, as the influence of
one element on the norm decreases if its absolute value
becomes smaller, a minimization with respect to the
L2 norm will seldom result in a sparse vector. This can
be verified by examining the blue L2 norm unit sphere
depicted in Fig. 1.

A naive choice to achieve maximal sparsity of a
vector would be a minimization with respect to the
L0 norm (e.g., the number of nonzero elements). How-
ever, a minimization with respect to the L0 norm is
a combinatorical problem and computationally very
demanding. Therefore, e.g., Candes et al (2006) ap-
proximated the L0-minimization-problem by the L1-
minimization-problem in the context of compressed
sensing. They showed, that a minimization with respect
to the L1 norm in most cases yields sparse results, too.
This is used in many compressed sensing algorithms.
Minimization with respect to the L1 norm is a convex
optimization problem and can be formulated as linear
program (cf. Dantzig, 1998, p.60-62). As can be seen
in Fig. 1, the corners of the orange L1 norm unit sphere
coincide with the coordinate grid. This is equivalent to
the statement, that one parameter is zero there, yielding
a sparse solution.

Application of the L∞ norm (also called Chebyshev
norm) results in a parameter vector with minimal max-
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imal value, that is usually not sparse. See Fig. 1 for the
corresponding unit sphere. The L∞ norm is often ap-
plied, when trying to maximize the distance to the con-
straints (cf. Sect. 4.1), in order to maximize the mini-
mal buffer to the boundary.

5 Case studies

The effect of a nullspace optimization will be demon-
strated in two examples: a very simple bivariate one
and a more sophisticated network adjustment problem.

5.1 Case Study 1: Bivariate Example

In this case, a least-squares estimate of the two sum-
mands of a weighted sum is to be calculated

`i + vi = x1 +2x2 (14)

subject to the constraints

x1 ≤ 2, x2 ≤ 10 (15)

using the framework described in Sect. 3. A contour
plot of the objective function and the constraints is
given in Fig. 2. Red lines represent constraints, the in-
feasible region is shaded and the dashed black line in-
dicates the manifold of solutions. We assume the ob-
servations

`̀̀T =
[

23.2 16.4 12.9 8.2 13.7
]
, (16)

to be uncorrelated. The observation equations read

`̀̀+v =


1 2
1 2
1 2
1 2
1 2


[

x1
x2

]
= Ax, (17)

with a clearly rank-deficient design matrix A. Setting
up the normal equations and applying the Gauss-Jordan
algorithm yields a general OLS solution

x(λ ) =
[

14.88
0

]
+

[
−2

1

]
λ = xP +Xhomλ . (18)
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Fig. 2 Contour lines of the objective function of example 1. Red
lines represent constraints, the infeasible region is shaded. The
dashed black line indicates the manifold of solutions. The green
cross is the L1 norm solution, the black circle the L2 solution.
For comparison the solution using a pseudoinverse (blue star)
is shown, too. Appropriately scaled unit spheres are depicted in
orange (L1) and light blue (L2).

As there is an intersection of manifold and feasible set
(cf. Fig. 2), the constraints are reformulated with re-
spect to the free parameter λ and a second optimiza-
tion problem in the nullspace of the design matrix has
to be solved. We chose to examine the different effects
of minimizing the length of the parameter vector with
respect to the L1 or L2 norm

2D EXAMPLE: NULLSPACE OPTIMIZATION

objective funct.: ||xP +Xhomλ ||p . . . Min

constraints: BT
λ

λ =

[
−2

1

]
λ ≤

[
−12.88

10

]
= bλ

optim. variable: λ ∈ IR.

.

Depending on the chosen norm this results in either

x̃ICLS,L2

P =

[
2.00
6.44

]
or x̃ICLS,L1

P =

[
0.00
7.43

]
. (19)

As expected, utilization of the L1 norm in the nullspace
optimization step yields in a sparse solution without an
increase in the sum of squared residuals of the original
problem.
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Fig. 3 Example 2: Distance measurements (black lines) are per-
formed between points P1 to P10 (black dots). A particular OLS
solution (blue diamonds) and the ICLS solution (red circles) with
maximal minimal distance to the constraints are shown.

5.2 Case Study 2: Network Adjustment

The second case study is based on an engineering prob-
lem. We assume that some prefabricated building ma-
terial shall be fitted between other elements so that the
parts can be welded together. In order to make welding
possible, tolerances have to be fulfilled strictly.

Fig. 3 depicts the test case. 26 distance measure-
ments (black lines) are performed between the ten
points P1 to P10 (black dots). Their 20 coordinates
are the parameters to be estimated in a GMM (1). As
no datum is defined, estimating absolute values of the
coordinates is a rank-deficient problem.

Points P3 to P6 are located at the left-hand side of
the gap the new part is supposed to fill, and the points
P7 to P10 are located on its right-hand side. P1 and P2
are external points to stabilize the network. It shall be
determined if the new part fits between both lines of
points. This can be achieved by setting up the 16 linear
constraints

y7,8,9,10− y3,4,5,6 ≤ 5.03m (20)

and the 16 linear constraints

y7,8,9,10− y3,4,5,6 ≥ 5.00m, (21)

resulting in a rank-deficient ICLS problem in form of
(5). While the first constraints guarantee, that the new
part is not allowed to be wider than 5.03m, the lat-
ter assure, that it is not smaller than 5.00m (otherwise
the gap would be too big for welding). The constraints
force the estimated points to align almost parallel to
the x axis (cf. red circles in Fig. 3). If more than two
of the 32 constraints mentioned above are active, the
new part will not meet the tolerances. Incompatible el-
ements can be detected via an analysis of the Lagrange
multipliers (cf. Roese-Koerner et al, 2012).

If the manifold is not resolved through the introduc-
tion of constraints, a nullspace optimization has to be
performed. This can be used to maximize the minimal
distance to the constraints

ΦNS,∞ =||BT x(λλλ )−b||∞ . . .max . (22)

Using the Chebyshev norm is always beneficial if toler-
ances instead of standard deviations are given. The op-
timization problem was solved using the CVX software
(Grant and Boyd, 2008). Results are shown in Fig. 3. In
the chosen scenario, no constraint is active. Therefore,
the new part will fit in the gap and welding is possible.

Fig. 4 shows the welding boundary for the exist-
ing parts (gray area), the new part (black area) and the
“gaps” at its left-hand (Fig. 4(a)) and right-hand (Fig.
4(b)) side. Please note the different scales in x and y
direction and the breach in the y axis. Adjusted coordi-
nates of the ICLS estimate with ΦNS,∞ (red circles) are
compared with those of an ICLS estimate with

ΦNS,L2 = ||x||L2 . . .min (23)

as nullspace objective function (blue circles).
While both estimates provide a decision if the new

part will fit, only the adjustment with maximal minimal
distance to the constraints allows to determine how well
the new part will fit. This can be seen in Fig. 4, where
for this estimate the minimal distance to the constraints
is at least 2.5mm at each side (namely for the points
5,6,8 and 10). In contrast, the blue points 3 and 10 are
exactly on the boundary. So there is clearly a benefit in
choosing a suited objective function for the nullspace
optimization.
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(a) Gap on the left side.
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(b) Gap on the right side.

Fig. 4 Boundary for the existing parts (gray area), the new part
(black area) and the “gaps” at the left-hand (a) and right-hand
(b) side of the new part. The axes are scaled differently and
there is a breach in the y axis, so most of the new part is not
shown. Adjusted coordinates of the above mentioned ICLS esti-
mate with maximal minimal distance to the constraints (red cir-
cles) are compared with those of an ICLS estimate with ΦNS,L2

as nullspace objective function (blue circles).

Due to space limitations we restricted ourselves to
a brief description of the application and the figurative
results presented in Fig. 3 and Fig. 4. Further infor-
mation (e.g., the observations and the functional and
stochastic model) as well as quantitative results can be
obtained from the authors.

6 Conclusion

A framework for the computation of a rigorous general
solution of rank-deficient ICLS problems has been re-
viewed. It has been shown that it is possible to obtain a
solution with certain predefined optimality properties,
if the manifold of solutions is not resolved by the con-
straints. As this results from a minimization process in
the nullspace of the design matrix, the sum of squared

residuals remains unchanged. Therefore, the described
approach can be beneficial for practical applications as
useful properties, like e.g., sparsity or maximal mini-
mal distances, can be obtained without sacrificing esti-
mation quality.
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